The Poynting-Robertson (P-R) effect on linear stability of equilibrium points is investigated in the generalized photogravitational Chermnykh's problem when a bigger primary is radiating and a smaller primary is an oblate spheroid. The positions of equilibrium points and their linear stabilities for various values of perturbing parameters are studied. It is found that the positions of the equilibrium points are different from the positions in the classical restricted three body problem. When the P-R effect is taken into account, these points are unstable in a linear sense. It is also found that the equilibrium points are unstable when the mass of the belt M b ≥ 0.4.
INTRODUCTION
The Chermnykh's problem is a new kind of restricted three body problem which was studied for the first time by Chermnykh (1987) . This problem generalizes two classical problems of celestial mechanics: the two fixed center problem and the restricted three body problem. This gives wide perspectives for applications of the problem in celestial mechanics and astronomy. Goździewski (1998) studied the nonlinear stability of the Lagrangian libration points in the Chermnykh problem. The importance of the problem in astronomy has been addressed by Jiang & Yeh (2004) . In their study, they have discussed many new discoveries of extrasolar planets which have been made recently and these events provide exciting and important opportunities to understand the formation and evolution of planetary systems, including the Solar System. There are similarities between extrasolar planets and planets in our Solar System. Some planetary systems are claimed to have disks of dust and they are regarded as young analogs of the Kuiper Belt in our Solar System. If these disks are massive enough, they should play important roles in the origin of planets'orbital elements. Since the belt of planetesimals often exists within a planetary system and provides the possible mechanism for orbital circularization, it is important to understand the solutions of dynamical systems which show planet-belt interactions.
The numerical exploration of the Chermnykh's problem has been presented by Papadakis (2005) in which the equilibrium points and zero velocity curves are studied numerically, and also the non-linear stability for the triangular Lagrangian points is computed for the Earth-Moon and Sun-Jupiter mass distribution with varying angular velocities. and examined the conditions for the existence of equilibrium points in the Chermnykh-like problems for different values of mass parameter µ. They have included the potential of the belt, and found three collinear points, two triangular points, and two other new equilibrium points. Papadakis & Kanavos (2007) presented the numerical exploration of the photogravitational restricted five-body problem. They have found that the number of collinear equilibrium points in the problem depends on the mass parameter β and the radiation factors q i , i = 0, . . . 3. They have also given critical masses associated with the number of equilibrium points and their stability. This paper highlights the generalization of Chermnykh's problem by including the PoyntingRobertson (P-R) effect which occurs because of grains of dust or small particles that absorb energy preferentially from one direction (i.e., the Sun), but re-emit the energy equally in all directions. The P-R effect operates by sweeping small particles from the solar system into the Sun at a cosmically rapid rate. Poynting (1903) considered the effect of absorption and subsequent re-emission of sunlight by small isolated particles in the solar system. That work was modified by Robertson (1937) , using precise relativistic treatments of the first order in the ratio V c of the velocity of the particle to that of light. Taking into account the radiation pressure and the P-R drag force, Chernikov (1970) discussed the position as well as the stability of Lagrangian equilibrium points. Murray (1994) systematically discussed the dynamical effect of general drag in the planar circular restricted three body problem. Ishwar & Kushvah (2006) examined the linear stability of triangular equilibrium points in the generalized photogravitational restricted three body problem with P-R drag and found that the L 4 and L 5 points became unstable due to P-R drag. This is very remarkable and important, because they are linearly stable in classical problems when 0 < µ < µ Routh = 0.0385201. Further, the normalizations of the Hamiltonian and the nonlinear stability of L 4(5) in the presence of P-R drag have been studied by Kushvah et al. (2007a,b,c) .
EQUATIONS OF MOTION
In this work, a Sun-Jupiter system of primaries is studied in which the mass of the Sun m 1 ≈ 1.989 × 10 30 kg and the mass of the Jupiter m 2 ≈ 1.8986 × 10 27 kg. It is supposed that the motion of an infinitesimal mass particle is influenced by the gravitational force from primaries and a belt of mass M b . Let Ox and Oy be in the equatorial plane of the smaller primary, Oz coincide with the polar axis of m 2 and the infinitesimal mass m be placed at the point P (x, y, 0). The units of mass, distance and time are taken such that the sum of the masses and the distance between the primaries are unities, the Gaussian constant of gravitation k 2 = 1. Then the perturbed mean motion n of the primaries is given by n 2 = 1 +
3/2 , where T = a + b, and a, b are flatness and core parameters respectively, which determine the density profile of the belt, r
is the oblateness coefficient of m 2 ; r e and r p are the equatorial and polar radii of m 2 respectively, r is the distance between primaries, µ = m2 m1+m2 (9.537 × 10 −4 for the Sun-Jupiter mass distribution)
is the mass parameter, q 1 = 1 −
Fp
Fg is a mass reduction factor and F p is the solar radiation pressure force which is exactly apposite to the gravitational attraction force F g . The coordinates of m 1 and m 2 are (−µ, 0) and (1 − µ, 0) respectively. The dimensionless velocity of light is c d = c = 299 792 458 which depends on the physical masses of the two primaries and the distance between them. In the above mentioned reference system, the equations of motion of the infinitesimal mass particle in the xyplane are formulated by using the following perturbation force [please see Robertson (1937); Chernikov (1970) ]:
where
, R is the position vector of P with respect to the radiating primary Sun S, and V is the corresponding velocity vector.
In Equation (1), F 1 represents the radiation pressure, F 2 represents the Doppler shift of the incident radiation and the F 3 term is due to the absorption and subsequent re-emission of the incident radiation. The components F 2 and F 3 taken together give the P-R effect.
Considering the model proposed by Miyamoto & Nagai (1975) , the potential of the belt is given by the density profile:
where M b is the total mass of the belt and r 2 = x 2 + y 2 . The potential of the belt in the xy-plane is:
Using Equations (1) and (3), the equations of motion are given (Kushvah 2008a,b) as:
From Equations (4) and (5), the energy integral is given below as:
where the quantity C is Jacobi's constant.
POSITIONS OF EQUILIBRIUM POINTS
The orbital plane Oxy is divided into three parts x ≤ −µ, −µ < x < 1 − µ and 1 − µ ≤ x with respect to the primaries. For simplicity, µ = 9.537 × 10 −4 , T = 0.01, and c = 299 792 458 are used for numerical calculations.
The equilibrium points are given by substituting Ω x = Ω y = 0, i.e.
From Equations (7) and (8), we obtained:
The equilibrium points L 4(5) (the triangular equilibrium points in a classical case) are given by Ω x = Ω y = 0; y = 0. From Equations (4) and (5), the positions of L 4(5) are given as follows:
Positions of L 1 and L 4(5)
Using an iteration process, the positions of L 1 and L 4(5) in region (−µ, 1−µ) are obtained. The possible values of coordinates x and y of L 1 are presented in Table 1 , and the corresponding plots are given in Figure 1 and frame (a) of Figure 2 for various values of A 2 , M b and q 1 . In the classical case (q 1 = 1, A 2 = 0, M b = 0) abscissa x = 0.93237, ordinate y = 0; so L 1 lies on the x-axis. In other cases, the abscissa x decreases with the mass of the belt M b , the oblateness coefficient A 2 and the radiation pressure increase (i.e. q 1 decreases and the P-R effect is taken into account), while the ordinate y is negative lying below the line joining two primaries. It is found that y decreases when M b , A 2 and the radiation pressure increase. The possible values of x and y for the equilibrium point L 4 are given in Table 2 , and the corresponding curves are presented in Figure 1 and in frame (d) of Figure 2 . In the classical case, it has been observed that the coordinates (x, y) = (0.499046, ±0.866025) of the triangular equilibrium points for the Sun-Jupiter mass distribution. When q 1 decreases (the P-R effect increases) then x and y decrease (i.e. when the P-R effect is very high then L 4(5) coincides with the Sun). The positions of these points are no longer triangular.
Positions of L 2
When x ∈ (1 − µ, ∞) all the possible values of x and y for L 2 are presented in Table 3 , and the corresponding plots are given in Figure 1 and frame (b) of Figure 2 for various values of A 2 , M b , and q 1 . In the classical case (q 1 = 1, A 2 = 0, M b = 0), the abscissa x = 1.06883, ordinate y = 0; and in other cases, y is negative which lies below the line joining two primaries. The abscissa x increases and the ordinate y decreases when A 2 increases, while x and y decrease when M b increases and q 1 decreases. 
Positions of L 3
For x ∈ (−∞−µ), all the possible values of x and y for L 3 are presented in Table 4 and the corresponding plots are given in Figure 1 and frame (c) of Figure 2 for various values of A 2 , M b and q 1 . It is found that for all values of parameters, the abscissa x has constant value -0.500954; so it is less affected by the parameters. Except for the classical case (where y = 0), y is positive. The ordinate y is a decreasing function of mass of the belt M b . When the radiation pressure (the P-R effect) increases i.e. q 1 decreases and the oblateness coefficient A 2 increases, the ordinate y increases. 2 . For q 1 = 1, the distances from the Sun to L 4(5) decrease and from Jupiter they increase [i.e. when the P-R effect is very high, the test particle ultimately spirals into the radiating body (the Sun)]. All the above results are similar to the results of Szebehely (1967) , Ragos & Zafiropoulos (1995) and Kushvah (2008a,b) .
LINEAR STABILITY
In this section, the P-R effect on the linear stability conditions is examined. The notion of Lyapunov's stability occurs in the study of dynamical systems. In simple terms, if all solutions of the dynamical system that start out near an equilibrium point L i (i = 1, 2, 3, 4, 5) stay near L i forever, then L i is called Lyapunov stable. Let the position of any equilibrium point be (x * , y * ) taking x = x * + α, y = y * + β, where α = ξe λt , β = ηe λt are small displacements, and ξ, η, λ are parameters. Then, the equations of perturbed motion corresponding to the system of Equations (4) and (5) are as follows:
where superscript ' * 'corresponds to the equilibrium points.
Equations (17) and (18) have singular solutions if,
From the above, we obtained the characteristic equation:
where 1.7223 × 10 −9 1.06253 × 10 −9 7.86714 × 10 −10 Table 5 Zero Velocity Curves when T = 0.01, µ = 0.025 
Taking y → 0, W1 y → 0 because y W 1 and x W 1 , from Equation (9), we have
At equilibrium points L i (i = 1, 2, 3), f * > 1. Thus, the characteristic Equation (19) has roots with a positive real part, which shows that these points are unstable in a linear sense. The same results are shown in the zero velocity curves of Figure 3 , where it is found that there is no closed curve (oval) around L 1 , L 2 and L 3 . Now, using Ferrari's theorem, the roots of characteristic Equation (19) are given as: where
From the above Equations (26) and (27), the roots are λ 1,2 = ±ω 1 are λ 3,4 = ±ω 2 ; where ω i (i = 1, 2) are complex numbers (long/short -periodic frequencies), presented in Figure 4 in the xy-complex plane corresponding to Tables 6 and 7 Figure 3 for the entire range of parameters q 1 , A 2 , and M b (please see Table 5 ). It is found that for q 1 = 1, there are closed curves around L 4(5) and the radiation pressure may increase the size of the ovals, which implies that the instability range increases, i.e the region for oscillation of the points becomes very large. For very high radiation pressure, ovals disappear [please see (III) frames of Fig. 3 ] and the points can move freely in space, so they ultimately spiral into the Sun. The above results are similar to the results in Chernikov (1970) and Kushvah (2008b) .
CONCLUSIONS
It has been found that the collinear points L 1 , L 2 and L 3 no longer lie along the line joining the primaries and they are linearly unstable even in the classical case. The position of L 3 is less affected by the oblateness coefficient A 2 . Because of the P-R effect, the L 4(5) no longer remains in the triangular position with respect to the primaries. The L 4(5) value is stable in a linear sense for the mass reduction factor q 1 = 1, mass of the belt M b in [0, 0.4) and any value of A 2 in [0,1). These points are linearly unstable due to the P-R effect (q 1 = 1) for all values of M b , and A 2 in [0,1). Furthermore, it is observed that L 4(5) are unstable in a linear sense for M b ≥ 0.4 even if q 1 could assume any value in [0, 1] . Thus, we conclude that the position and linear stability of equilibrium points are different from the classical restricted three body problem due to the P-R effect, influence from the belt and the oblateness effect of the second primary.
